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Abstract 


General results on the structure of the bosonization of fermionic systems in 
(2 + l)d are obtained. In particular, the universal character of the bosonized 
topological current is established and applied to generic fermionic current 
interactions. The final form of the bosonized action is shown to be given by 
the sum of two terms. The first one corresponds to the bosonization of the free 
fermionic action and turns out to be cast in the form of a pure Chern-Simons 
term, up to a suitable nonlinear field redefinition. We show that the second 
term, following from the bosonization of the interactions, can be obtained 
by simply replacing the fermionic current by the corresponding bosonized 
expression. 
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I. INTRODUCTION 


The method of the bosonization is a nonperturbative technique by means of which a 
fermionic theory can be reformulated in terms of a bosonic one. It has been proven to be 
very useful in the study of 1 + 1 dimensional systems in theoretical field theory as well 
as in condensed matter physics. In particular, it displays a powerful duality mechanism 
which has allowed to connect the nonperturbative (resp. perturbative) regime of the one 
dimensional massive Thirring model with the perturbative (resp. nonperturbative) one of 
the corresponding bosonized sine-Gordon model |]^. 

Since the beginning of the nineties many efforts have been done in order to generalize the 
bosonization technique to higher dimensions, with emphasis on (2 + l)d fermionic systems, 
due to their relevance for low dimensional condensed matter physics as, for instance, the 
quantum Hall effect and the high superconductivity. Two different approaches have been 
proposed to obtain this generalization, namely, the canonical and the functional methods. 

The canonical method was employed to obtain the first results for the bosonization of 
free massless fermions in 2 + 1 dimensions 0. In this case, the bosonization is achieved by 
introducing a vector gauge field. In particular, the bosonized action turns out to be of the 
type of a nonlocal Maxwell-Chern-Simons term. 

While the canonical method is useful to investigate the mapping among the fundamental 
fields of the fermionic and the bosonic models, the functional method M is appropriate 
to establish the general framework for the higher dimensional bosonization of correlation 
functions with insertions of the fermionic current Q 

For instance, in the case of abelian free fermions, the generating functional of the corre¬ 
lation functions of fermionic currents 

Z{s) = = jV'ipVip , (1) 

^ The functional method has also been applied to bosonize the (1 -|- l)d Thirring model [^,P]. 
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where 


Kf = 


d^x + rn^tlj , 


( 2 ) 


can be mapped into an eqnivalent bosonized form given by 

Z{s) = J VA^ ^-KB{A)-iJd^x ^ ^ 3 ^ 

denoting the external sonrce conpled to the spinor cnrrent. We remark that, as already 
nnderlined, the bosonized action Kb{A) is in fact given in terms of a vector held and 
can be cast in the following form [Q 

^-Kb{A) ^ f g-r(b)+* / d^x b^ei^-pa.Ap ^ 


where 


e = det{^ + m + ip) . (5) 

Moreover, being the bosonized action Kb{A) obtained from a fnnctional transverse Fonrier 
transform of the fermionic determinant, it tnrns ont to be gange invariant, provided the 
bosonic held A^ transforms as a gange held. In particnlar, diherentiating the generating 
fnnctional Z{s) with respect to the external sonrce s^, for the Green fnnctions of fermionic 
cnrrents one gets 


... J'"^{xn))KF = {{edAY^{xi)... {edAY^{xn))KB , ( 6 ) 

snggesting thus the following bosonization rule for the current 

^ e>^’^Pd^,Ap. (7) 

Although the above result has been generalized in the case of the abelian interacting 
massive Thirring model [Q, it remains an open question to what extent the bosonization 
rule for the current (eq. ( 0 ))> can be considered as a universal exact prescription for the 
Green functions as well as for any fermionic interaction depending on the current In 
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other words, it seems natural to ask ourselves if, in order to obtain the bosonized action for 
interacting fermions, we could simply replace the fermionic current by the corresponding 
bosonized topological expression e'^'^^d^Ap in the interaction terms. 

The aim of the present paper is to show that this important question can be answered in 
the affirmative. In particular, we shall be able to establish that, for any fermionic interaction 
S\J), the bosonized form of the generating functional can be obtained by means of 

the following prescription 


Kp + i (fx + S\J) ^ Kb{A) +i (fx s^^ep^pd^'AP + S\edA) , 


( 8 ) 


where, remarkably enough, Kb{A) is nothing but the same bosonized action for free massive 
fermions of expression (|^). 

From the formula it follows that, in order to achieve the full bosonization program, 
we are faced with the computation of the exact expression of the bosonized action Kb{A) 
for free fermions. This amounts to compute the functional transverse Fourier transform of 
the massive (2 + l)d fermionic determinant (eq. 

Although a closed expression for Kb{A) is still lacking, rather interesting results have 
been already established. For instance, in the inhnite mass limit m —> oo the effective action 
corresponding to the fermionic determinant is given exactly by a local Chern-Simons term. 
Moreover, being this term quadratic, its transverse Fourier transform can be computed 
straightforwardly, yielding a bosonized action which turns out to be a Chern-Simons term 
P]. Another approximation scheme was considered in ref. |^, where the full quadratic 
part of the fermionic effective action, corresponding to the exact expression of the vacuum 
polarization tensor, has been taken into account. In this case, the approximated bosonized 
action takes the form of a nonlocal Maxwell-Chern-Simons term (see also [|^). It is worth 
underlining here that this approximation has been proven to be very useful in order to 
discuss on an equal footing both the massless and the inhnite mass limit, corresponding 
respectively to the bosonized actions obtained in refs. [@,0. 

Beyond the quadratic approximation for the fermionic determinant, the evaluation of the 
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bosonized action is, in general, a difficult task. However, in a recent work , some general 
features of the fermionic determinant have been obtained without computing Feynman’s 
diagrams. In fact, it has been proven that the whole set of the inhnite number of one loop 
diagrams of the perturbative expansion of the massive abelian determinant can be fully reset 
to a pure Chern-Simons term, up to a nonlinear and nonlocal held redehnition, i. e. 


r(6) = logdet(i7'"9^ + - m) = r]Scs(b) , 


( 9 ) 


with 

Scs{h) = , (10) 

where y is a numerical coefficient and = b^{b) is a gauge held obtained from the original 
held 6^ through a suitable nonlinear and nonlocal redehnition. 

As it will be discussed in detail in the following, the above result (|[) will allow us to show 
that the bosonized action Kb{A) of eq.(§) can be actually cast in the form of a pure Chern- 
Simons term, up to a nonlinear and nonlocal redehnition of the gauge held —> A^{A). In 
other words, 

Kb{A) = e^’^PA^d.Ap . (11) 

The two formulas (^ and (^) represent the essence of the present paper. While the hrst 
one exhibits the universality and the exactness of the bosonization rule (^ for the current, 
the second one emphasizes the general topological structure of the bosonized action Kb{A), 
improving then our present understanding of the whole bosonization program in (2 -|- l)d. 

The present work is organized as follows. In section §y, we review the nonlinear held 
transformation leading to the Chern-Simons structure of the fermionic ehective action in 2-1-1 
dimensions. In section we show that this topological structure also holds at the level of 
the bosonized action, for any hnite value of the fermionic mass parameter. In addition, a 
detailed discussion of the so-called quadratic approximation is given. Section §|V| is devoted 
to the study of the bosonization of a general class of interacting fermionic systems. This 
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is achieved by showing the validity of the universal prescription for the bosonization of the 
current (|^). A few examples will be worked out in detail. Finally, in section §|V], we collect 
the concluding remarks. Possible further applications will be also outlined. 


II. CHERN-SIMONS STRUCTURE OF THE FERMIONIC EFFECTIVE ACTION 


In the path integral approach to bosonization, the fermionic determinant plays a funda¬ 
mental role (cf. equations @ and (j|)). 

In (1 -|- l)d the fermionic determinant for massless fermions is known to be quadratic in 
the external held, and bosonization can be carried out exactly in this case. On the other 
hand, the fermionic determinant for massive fermions has not yet been computed in closed 
form. However, the path-integral approach to bosonization in (1 -|- l)d can bypass this fact 
by exploiting the two-dimensional chiral anomaly [Q . The most general external gauge held 
which couples to the vector fermionic current can be decomposed as 6^ = df^r] -|- 
The component rj can be eliminated, since it corresponds to a pure gauge. The 0-term can 
be also thought of as a pure gauge coupled to the U{1) axial current. However, it cannot 
be gauged away, due to the existence of the chiral anomaly which prevents the (1 -|- l)d 
massless fermionic theory from being trivial. As a consequence 0, the chiral anomalous 
transformation properties of the fermions in (1 -|- l)d allow to derive a set of periodicity 
conditions for the bosonized action which, in the case of the massive Thirring model, lead 
to the well known Sine-Gordon action. 

In three dimensions a similar mechanism is not available, due to the absence of the chiral 
anomaly. However, additional topological informations about the form of the bosonized 
action can be derived from the general structure of the fermionic determinant. 

Indeed, in a recent work []^|, it has been shown that in three dimensions an underlying 
topological structure does exist for the fermionic determinant. More precisely, the resulting 
effective action turns out to be of the kind of a Chern-Simons action, namely 


T{b) = logdet(z7^9^ - m) = r]Scs(b) , 


( 12 ) 


7 



with 


<Scs(b) = ^j£x , ( 13 ) 

and bp = bp{b) is obtained from the held bp throngh a nonlinear and nonlocal held re- 
dehnition. Moreover, the redehned held bp transforms still as a connection under gauge 
transformations, i.e. 

6bp = -dpa , Sbp = -dpa , ( 14 ) 

and, of course 

6r{b) = 6Scs{^ = 0 . ( 15 ) 


This result is based on two well known properties of the ehective action T{b): the absence 
of anomalies in (2 + l)d, and the fact that, in the inhnite mass limit m —> oo, the ehective 


action T{b) takes the form of a pure local Chern-Simons term 


We shall make use extensively of these properties to extract the topological content of 
the bosonized action in (2+l)d. 

In order to make this paper self-contained, let us sketch here the main lines of the 
reasoning that led to the result of eq.(0). 

Let us start by considering the perturbative expansion of the ehective action. 


r(6) = r"(6), 

n=2 

r”(t) = j< Jp,(Xl). j^„{Xn) > 


( 16 ) 


Due to the absence of anomalies, gauge invariance can be implemented at the quantum level, 

i.e. 


implying that 


“ Sb.. 


( 17 ) 


. U,(Xn) >= 0 . 


( 18 ) 








This equation automatically decouples the longitudinal part of the gauge field, leading to 
an effective action that depends only from the transverse gauge held component 

= = ( 19 ) 

Therefore, it follows that each term of the perturvative series has the form 

r"(6) = I...,yn), (20) 

with 

(4vr) J \xj-yj\ j 

On the other hand, the two legs contribution T^ is exactly known and can be written as 

r\b) = vScsib) + J d^xd^y - y)F,,,M , (22) 

where 

Scsib) = \J e^‘'%^d,bp , (23) 

is the abelian Chern-Simons action, — y) is a. well known nonlocal kernel, and r] 

is a regularization dependent parameter |[T3|-[T7|. 

Thus, we can write the effective action r(6) in the following form 

r(6) = yScs + Sn , (24) 


with 


Sn = i: 

n=2 

It is important to note that the hrst term of the fermionic effective action is a local 
Chern-Simons action, while the other terms depend on the curvature which is nothing 
but the variation of the pure Chern-Simons term 




(25) 


, _ 1 dScs 


(26) 
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This crucial feature allows to cast the fermionic effective action r(6) in the form of a Chern- 
Simons term evaluated at the redehned connection 6^. 

This statement can be formalized by means of a simple coho mo logical argument. Intro¬ 
ducing the ghost held c, the anti-helds c* and 6*, and the BRST nilpotent transformations 


shn = -d^c , 


sc = 0 , 

S{v<Scs + <Sn) 


= 


6bi^ 

sc* = -d>^b* , 


_1 ^up.SSnib) 


we can show (see for the details) that Sq can be written as an exact BRST cocycle 

n / oo J^k \ 

Sn = s Sx, n d%F,..,.{xj) , (27) 

j=2 \ fc=l S / 

with being an appropriate quantity depending on the helds, antihelds and on the 

kernel _ This means that the term Sq can be reabsorved in the Chern-Simons action 

by means of a nonlinear held redehnition, as it is well known that exact cocycles correspond 
to pure held redehnitions (see for instance ref. []^). Note that this cohomological argument 
does not make any reference to the detailed form of the action Sq. This implies that any 
gauge invariant action containing a local Chern-Simons term rjScs can be rewritten, in a 
way similar to eq.(0), as a Chern-Simons action evaluated at the corresponding redehned 
connection 6^, which is a nonlinear functional of the gauge held 6^. 

In order to hnd an explicit formula for the nonlinear redehnition 6^ —6^, we can give a 
recursive argument by introducing a general functional 6^ of the external gauge held b^ 


k 


(28) 


SO that the following condition holds 


riScsib) + = riScsib) ■ 


( 29 ) 


The parameter ^ is an arbitrary coefficient and can be set to one after the calculations. 
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The computation of the coefficients is straightforward. For instance, inserting eq.(p8D 
into eq.(^) and identifying the terms of the same order in the powers of for the hrst two 
coefficients one obtains 


, (30) 

= -e^^p J d^yJ^sr^{y,x)earad/3E^^ , 


with and given by 


_ 


^ariyp _ 

^ 3n — 


d^X2....d^XnFp^^^{x2)....Fp^^^{Xn)^''^''^''^-''"''"{x,X2, ...,Xn) , 

I (f[d^x,Fp^,^{x,)] n-^‘'P^^^^-^-^-{y,x,Xs,...,Xn) . (31) 


Vi=3 


Note that andare gauge invariant. This means that bp is a gauge held, according 
to eqs.(|T^ and (0)- 

With a similar procedure, it is not difficult to show that the whole fermionic effective 
action r(6) can be reset to a Chern-Simons action for the gauge held bp, which is a nonlinear 
functional of the connection bp, as shown by the eqs.(0) and (^). It is worth remarking 
here that the redehned connection bp is in fact p-dependent (see eq. (0)). 

The coefficients 'dp dehne an expansion of the ehective action which will be useful when 


discussing bosonization. A detailed calcination of the 'dp ’s can be found in ref. ||^. In 
particular, it can be shown that the linear component of the 'd’^ depends only on the vacuum 


polarization tensor < J^J'^ >, i.e. 




db. 


= function of {< J'" >) . 


(32) 


>)=0 


We can summarize this section by stating that any gauge invariant action containing a 
local Chern-Simons term can be rewritten as a pure Chern-Simons term, up to a suitable 
nonlinear held redehnition. In particular, the ehective action for noninteracting fermions 
can be interpreted in a geometrical way as a particular Chern-Simons functional associated 
to the redehned connection bp{b), depending in a nonlinear way on the external gauge held 
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6 ^. Let us also observe that in the particular case in which the external held 6 ^ is set to 
the resulting effective action will be a pure Chern-Simons term for the gauge 
field In addition, as we shall see in section § [rV| , changing the connection b^ will amount 
to turning on interactions between fermions. 

In the following section we will use these properties to gain some insight into the topo¬ 
logical struture of the bosonization in (2 -|- l)d. 

III. CHERN-SIMONS STRUCTURE OF (2 + 1)D BOSONIZATION 

A. Free Fermions 

The aim of this subsection is to analyze the topological structure of the bosonized action 
for free fermions. 

In order to write a formal expression for the bosonizing action, let us follow the path- 
integral approach of ref. . We can write the generating functional for free massive fermions 
as 

Z{s) = = J V'lpV'iP _ ( 33 ) 

Making the following change of variables, 

^ , 

^ ^ , (34) 

and noting that Z{s) does not depend on a, it follows 

Z{s) = J V^ljV^Va p(^+i(^+^a)+m)p ^ ^ 35 ^ 

where F{a) is an arbitrary function whose effect is that of changing the normalization factor 
of the generating functional. Let us introduce now the field b^ through the condition 

= bf, , a = ^d^b^ . (36) 
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In order to integrate over 6^ in the path-integral (^) we must impose that 6^ be a pure 
gauge. This can be done by inserting the delta functional fyp{h)) in the expression for 
Z{s). Thus, 

Z{s) = J V'lpV'ipVhp F{db) 6 {ef^‘'^Up{b)) _ ^37^ 

The source Sp can be decoupled from the fermions by shifting the held bp 

bp —> bp- Sp , (38) 


obtaining 

Z{s) = J Vbp F{db - ds)6{e>^''f’Up{b - s)) . (39) 

Exponenciating the delta functional by means of a Lagrange mutiplier Ap, we get 

Z{s) = J ^ (^ 40 ^ 

where 

g-Xs(A) _ J 'pij^Fidb) e>^-»A^d.b, _ ^4^^ 

Then, the exponential of the bosonizing action is obtained from the transverse Fourier 
transform of the exponential of the effective action r(6) Recalling from the previous 
section that the fermionic effective action r(6) can be cast in the form of a Chern-Simons 
term (see eq.(^)), we have 

^-Kb{A) ^ J T>bF{db) e^^''PA^,^vbp ^ ^- 42 ^ 

This expression is suitable in order to obtain additional informations on the hnal form of 
the bosonized action. Firstly, we note that the term Kb{A) is gauge invariant and depends 
only on the transverse component of Ap, 


^ We have supposed that ds = 0, as Z{s) is gauge invariant and therefore depends only on the 
transverse component of s. 
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Kb{A) = Kb{A^) , 


( 43 ) 


because 

J Sx = J d^x eP’^PAld^bp . (44) 

Secondly, it contains a local Chern-Simons term. In fact, taking the infinite mass limit, we 
have 

= J VbpF{db) e-^^os(b)+ifd^=^ ^ (^ 45 ^ 

which yields, upon integration over bp, the expression 

lim . (46) 

m—^00 ^ ^ 

From the above formula one can observe that the transverse Fourier transform of the expo¬ 
nential of a Chern-Simons action is again the exponential of a Chern-Simons action. 

We see then that the bosonized action contains a local Chern-Simons term, corresponding 
to the bosonization in the inhnite mass limit hrst obtained in ref. P]. Therefore, for any 
hnite value of the mass parameter m, we can write 

KB{A) = -Scs{A) + Sbos{A) , (47) 

V 

where 

lim Sbos{A) = 0 . (48) 

m—^oo 

Moreover, recalling that Sbos{A) is gauge invariant, it can be reabsorbed into the Chern- 
Simons action through a suitable redefinition of the gauge connection Ap, i.e. 

Kb{A) = -^ cs ( 44 ) , (49) 

r] 

where the redehned held Ap{A) depends nonlinearly on Ap. 

It is worth summarizing here the results obtained so far. We have introduced the idea of 
a Chern-Simons type action Scs{A), i.e., a Chern-Simons action for the connection Ap{A), 
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which is a nonlinear functional of the fundamental gauge held A^. In particular, according 
to eq.(|^), it has been proven that the fermionic effective action has precisely this structure, 
namely 


T(b) = r,Scs(b) . 


( 60 ) 


Then, using the formal bosonization rule of eq. f^lD 


^-Kb(A) _ J x>bfj_F{db) 


(51) 


we have been able to show a property that generalizes the case of inhnite mass limit to a 
hnite mass, stating that 

the transverse Fourier transform of the exponential of a Chern-Simons type action Scs{b) 
is again the exponential of a Chern-Simons type action Scs{^), namely 


J Vb^F{db) ^ e'^'^PApd^bp ^ ^-^Scs(A) 


(52) 


up to an appropriate field redefinition A^(A). 

This is the main result of this section: the bosonized action for hnite fermionic mass is 
a Chern-Simons type action, i.e. 


d^x m)fj ^ Kb{A) = -S'cs(^) • 

V 


(53) 


B. On the Quadratic Approximation 


In this section we exploit the quadratic approximation for the bosonization ||^. We 
will show that an equivalent approximation is obtained by considering the linear terms in 
the held transformation that allows to reset the bosonized action into a Chern-Simons type 
action. Moreover, it will become evident that this approximation leads to the exact results 
only when we limit ourselves to the two point current correlation function. 

From the equations ( PD|) and (|5B|) of the previous section, we can express the fermionic 
partition function as 
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Z{s) = J VA^exp J (fx{——AedA — iAeds) . 
On the other hand, using eq.(^), we can rewrite the eq.(^) as 


( 54 ) 


Z{s) = e = exp{—ri J d^x^seds) = J VA^exp J d^x{—-^AedA — iAeds) . (55) 


Therefore, the current-current correlation function 


G2 = 


6sSs 


Zis) 


(56) 


s=0 


is given by 


Go = 


5Z 6^s 6^Z Ss5s 

Ss Ss6s SsSsSsds 


(57) 


s=0 


Noting that s(0) = 0 and that ^|o = OQ; h follows that G 2 depends only on the linear part 
si{s) = ( 5 s /( 5 s |^^ q ) s of the redehned source s, 


Go — 


6s6s 


Zi{s) 


(58) 


s=0 


where 



VAf, exp 


d^x( - AedA — iAedsA 

zr] 


(59) 


Conversely, it can be seen from the general structure of s given in section 1|I|, that this linear 
part only depends on the vacuum polarization diagram. This means that the quadratic 
approximation, where the whole quadratic part of the fermionic effective action is taken into 
account, is equivalent to the linear approximation si{s) of the transformation s. 

The general form of si can be written as 


Si = {a+P+ + a_PJ)s , 


( 60 ) 


where we have used the orthogonal projectors 


^ The vacuum expectation value of the Dirac current is zero. 
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( 61 ) 


p -Im + , 1 r 


^2 


It is simple to set Zi in the form of the eg. (|5^ , i.e. 


Zi{s) = j PA^exp J d^x{—^AiedAi —iAeds) , 


(62) 


where 


Ai{A) = (—P+ + —P_ + -L)A , (63) 

a+ Q!_ a 

is a linear function of A^. This is due to the fact that si is linear in the external source s. 
Thus, in order to hnd the bosonized action in the quadratic approximation we only need to 
determine a+ and To hnd them, we can rely on the fact that, using the projectors ( 0 . 
the general form of the quadratic effective action is 

^ J £xs{iG{-d^){P+ - + F{-d^){P+ + P-)d^)s , (64) 

where F{—d^) and G{—d^) are functions that can be determined from the evaluation of the 
vacuum polarization tensor. Comparing with 

y J (fxsiedsi = y y d^xsi{P+ - P_)V-d'^si , (65) 

it is straightforward to obtain 


irjOi]^ = iG — F\/—d‘^ , irjat = iG + Pa/—. 


( 66 ) 


Using eqs.(^), (^) and eq.(^) we can write the bosonized action as 

J d^x AiedAi = 2tr] J d^x A - Pm A (67) 

where 

i’M = i(a"/-S0a) = l(f’+ + i’-)s" . Pcs = = ^(p+-, 

are the “Maxwell” and “Chern-Simons” projectors, respectively. 
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This result coincides with that presented in ref. |^. In that reference the functions 
F{—d‘^) and G{—d‘^) were explicitly computed, obtaining for their Fourier transforms F{k) 
and G{k) 


ne) = 


\m\ 

Ank'^ 


1 - 


1 — k"^/Am? ( Am^ 

-jjttTa —arcsm 1 + — 

{k^/Am^yF \ k^ 


- 1/2 


( 68 ) 


am ( Am^\ , , 

These expressions have been obtained by using the Pauli-Villars regularization. The 
parameter q depends on the particular choice of the regularization and, in the present case, 
it corresponds to the difference between the number of positive and negative Pauli-Villars 
regularizing masses. In terms of this regularization, the coefficient rj previously introduced 
is given by 


~ 1 7T7 

7] = lim G{ky = —(■;—r -I- q) . (70) 

It is worth spending here few words about the regularization ambiguity which appears in the 
expression for rj. In fact, the Pauli-Villars regularizing masses can be introduced by means 
of a higher order derivative lagrangian. Each regularizing mass is associated to a new Dirac 
factor with mass Aj that changes the fermion propagator so as to regularize the ultraviolet 
behavior of the theory, namely 


' -|- m) 


-1 


' + m)W{^ + ki) / ki 


-1 


( 71 ) 


In (2 -|- l)d, the usual Dirac lagrangian is not invariant under a parity transformation P. In 
fact, the latter relates the two signs of the mass parameter m 

+ m)y— m)y . (72) 


For this reason the fermionic effective action contains a parity breaking Chern-Simons term 
whose coefficient depends on the sign of m: m/\m\. When we introduce the Pauli-Villars 
regularizing masses Aj, we change, in general, the parity properties of the starting action. 
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Accordingly, each Pauli-Villars mass Aj will yield an additional contribution for the coeffi¬ 


cient in front of the Chern-Simons equal to Qi = Aj/|Aj|. The change of the parity properties 
of the theory is measured by g = Then, if we are interested in working with an 

effective action having the same parity properties of the classical fermionic held theory, we 
should choose an equal number of positive and negative Pauli-Villars regularizing masses. 


he., we have to take g = 0 in the eq. ([70|) . Note also that the Dirac factor associated to a 
pair of Pauli-Villars masses A and —A (g = 0), 




(73) 


is invariant under a parity transformation, he., it does not introduce additional parity break¬ 
ing terms. 

Summarizing, we have seen that in order to bosonize the two point current correlation 
function, all that is needed is the linear part of the nonlinear transformation > s^. On 
the other hand, this linear part depends only on the vacuum polarization tensor, implying 
that we can obtain an exact bosonization of the two point function by setting to zero all 
the diagrams whose number of external legs is greater than two. Thus, keeping the exact 


quadratic part of the fermionic effective action leads to an exact result for the two point 
correlation function for any value of the fermion mass. For this reason this approximation 
has led to the correct Schwinger terms in the current algebra 0. It is also clear that, 
in order to bosonize higher order current correlation functions, the knowledge of the full 
effective action is required, the quadratic approximation being now no more sufficient. 


IV. BOSONIZATION FOR (2 + 1)D INTERACTING FERMIONS 

In the previuos sections, we have studied the structure of the bosonization for free 
fermions with arbitrary hnite mass. We shall now discuss a general class of interacting 
fermionic systems whose interaction term S\J) depends on the spinor current = - 07 ^- 0 . 

The current correlation functions for this interacting system are determined by the par¬ 
tition function Z*"'*(s), where, as usual, the fermions are probed by means of the external 
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field s. 


= J Vi/jV'ifj e~f tpi^+m+i^)ip-s^{j) 

Starting with this expression, we can follow the same steps that have led from eq. 
eqs. (0). (0). to obtain 

= J T)A Q~^bo3iA)-i f d^x e'^‘'PAi^diySp 


(74) 


to 


(76) 


where 


g-s,„(A) ^ J ^-r‘«‘[b}+i J d>x cd-dA^a^b, ^ 


(76) 


meaning that the exponential of the interacting bosonizing action is obtained from the 
transverse Fourier transform of the exponential of the interacting effective fermionic action. 
Although this formal structure is interesting by its own, it turns out to be useless to improve 
the formal bosonization as well as to develop a computational tool, since F*”* is a very 
complex object and so it is its transverse Fourier transform. 

However, we can follow a different route reexpressing the exponential of the fermionic 
interaction S\J) in terms of its functional Fourier transform 


g-sqj) _ J j d?x Jpa>^ _ 

Therefore, for the generating functional of eq.([74D we get 

Z‘"‘(s) = j Va^Vi’Vii , 


(77) 


(78) 


In this way, we can interpret the fermionic interaction as an effective interacting fermionic 
system minimally coupled to a dynamical quantum vector held whose action is S'(a). 
Note that for a generic interaction S\J) which is not quadratic in the spinor current 
the computation of S{a) is, in general, not possible. However, we will see that our 
hnal result will be given only in terms of the known quantity S^{J), without relying on the 
explicit computation of its Fourier transform S{a). In other words, all that will be needed 


is the reasonable assumption that the Fourier representation ([7^) does in fact exist. 
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Performing in the expression (ffSl) the integration over the fermions, we get 




( 79 ) 


where exp —r(s + a) = det(^ + m + + i^) is the fermionic generating functional for free 

fermions whose bosonized form has already been presented in eq.(E^. Thus, plugging eq.( 
in the eq.([79l), one has 


= J Va^VAf, e^^-'PA^d4sp+ap)-Sia) _ 

Integrating now over and using again the representation (|^ ), we obtain hnally 

= J 'DA q-^b{A)-S^ {edA)-i f d^x Sfj,ei^''Pd„Ap ^gj^^ 

As anticipated, we see that our final result relies only on the known action , the action 
S{a) being only needed at the intermediate steps. 

Comparing now eq.([7^) with eq. (l8l|) , we can read off the bosonization rules for the kinetic 
fermionic action as well as for the fermionic current. They coincide with the free case given 
in eqs.(|55|) and (|^. In particular, from eq. (|STD , it follows that the bosonization rule for the 
fermionic interaction is 


^ S\e^''Pd,Ap) , (82) 

meaning that the equivalence between the fermionic and the bosonic current is not only 
exact but is also a solid universal result, in the sense that it is mantained in the interacting 
quantum theory. We can bosonize any term involving the fermionic current replacing by 
the bosonic topological current e^'^Pd^Ap. 

To clarify this result, let us work out some examples. Let us hrst analyze the case of a 
Thirring-like interaction 

where the coupling has the dimension of the inverse of the mass parameter m. 
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Using the bosonization rules previously derived, we can bosonize the expression by 
simply replacing the fermionic current by the corresponding bosonic topological current, i.e. 





(84) 


Observe that the current-current interaction of eq.(|83D can be interpreted as coming from 


S{a) = ' J d^x , 


(85) 


upon integration over the field a^. For instance, for a = 0 the equation (|8^ corresponds 
to the local Thirring model whose bosonization was obtained in ref. 0. Note that, in this 
case, the held in the equation corresponds to the usual Hubbard-Stratonovich held, 
upon gauge hxing. Other values for a correspond to a nonlocal current-current interaction, 
or, equivalently, to a generalized electrodynamics (^51). In particular, for a = 1, we recover 
the usual QED^. 

The equation shows that the Thirring-like interactions do not modify the coefficient 
r] of the local Chern-Simons term. Then, as we have discussed in section §y, it is possible 
to recast the sum of the Chern-Simons type action that bosonizes the free theory and of the 
term coming from the interaction (cf. eq. in the form of a pure Chern-Simons action 

with the same parameter f] {rj = l/(47r)m/|m| ), i.e. 


iscs(A) + h/)"“-' f d^x = Ucs(/t") . 

rj A J r] 


( 86 ) 


for a suitable redehnition of the gauge connection A —>■ 


We see then that the bosonization formula (p4D allows to separate the topological infor¬ 
mation of the theory from its dynamics, which is contained in the redefinition A*"* = A*""*(A). 
In particular, the eq.(|^) suggests the appealing idea that a change in the connection, i.e., 
A —>■ A*""*(A), corresponds to the introduction of interactions that do not modify the coeffi¬ 


cient rj. 

The understanding of the bosonization rules presented here for the interacting case can 
be improved further by the following remarks on the scaling properties displayed by the 
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kind of fermionic interactions considered in the eq.(^). For a ^ 1/2 there are two dime- 
sionfull constants in the model, he., m and g^. With these constants only one dimensionless 
parameter can be built up, namely A = mg'^. 

It turns out that, remarkably enough, the action of the Thirring-like model we are dealing 
with depends only on the dimensionless combination A. 

In fact, if we choose to measure lengths (energy) in units of 1/m (m), we can reexpress 
the action of the model in terms of the dimensionless quantities 

x' = xm , and = —ipix /m) , (87) 

m 

obtaining 

S = j dV + l)e + A^-^" . (88) 

In this case, the parameter A can be interpreted as a dimensionless coupling constant. 
However, it cannot be considered as a coupling in a perturbative sense, since the model 
is not renormalizable by power counting. A nonperturbative technique is thus required. 
Therefore, the method of bosonization could play an important role. 

On the other hand, if we choose to measure lengths (energy) in units of g^ {l/g"^), we 
can write the action in terms of the dimensionless quantities 

x' = x/g^ , and 4>{x') = g‘^'ip{g‘^x') , (89) 

yielding 

S = j dV 0(i^ + A)0 + J/, . (90) 

In this case, A will appear in the kinetic term instead of in the interaction. 

Of course, the expressions given in eqs. (|88|) and (p0|) possess the same physical content, 
since the only diference between them is the system of units chosen to measure lengths and 
energy. In particular, it turns out that the n-point current correlation functions written in 
terms of the different variables ip, p and ^ are related by 
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= m^{J^^{mxi)... J'^"{mXn))^ ■ (91) 

From this equation, choosing for instance the variable Xi = g‘^Xi (with Xi dimensionless) to 
measure lengths, we hnd the following remarkable scaling relation 


{J>^^{x,)... J^-{xn))^ = A"(J^nASi) ... J'^-iXxn))^ 


(92) 


Therefore, once a reference energy scale has been chosen, the parameter A determines com¬ 
pletely the scaling behaviour of the theory. It is worth underlining here that this interesting 


feature has been in fact already observed by |T^ in the computation of the effective action 
of the nonabelian topological massive Yang-Mills theory. 

Other models with topological properties different from those of the free fermion case 
can be obtained by considering interactions that modify the coefficient r] of the free theory. 
For instance, a term of the kind 


S{a) = eScsia) , 


(93) 


will lead to a bosonized action of the form. 


= Kb + ^5c5(AI) = -^C5(^) + ^^CS(AI) . 
U rj 6 


Now, from the eq. (^Gf) , we have 


(94) 


lim = — Scs(2l) , 

m—>oo 


1 _ 1 1 

rj' rj 6 


(96) 


Thus, if ?7 ^ + 6 ^ 7 ^ 0, the resulting gauge invariant bosonized action will contain a local 
Chern-Simons term (with parameter l/t]') and therefore we can rewrite it as 


^,0,(24) = ^Scs{A^-') , (96) 

rj 

for a suitable redehnition A®”*(A) of the gauge connection A. 

In this case, the presence of the gauge held A®®®* = instead of the held A = A{A), 

which corresponds to the free case, follows from the fact that the transformation needed 
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to reset a gauge invariant action to a pure Chern-Simons term depends explicitly on the 
coefficient of the local Chern-Simons term (see the discussion of section §^. From a physical 
point of view, this change implies that when a free fermion held is minimally coupled to a 
Chern-Simons held not only the topological properties are modihed but also the dynamical 
ones. This modihcation is a general property of relativistic systems. In particular, this also 
occurs for (quantum) relativistic point particles due to the fact that the spin and translational 
degrees of freedom are dynamically coupled |2^ . 


V. CONCLUSIONS 

In this work general features of the bosonization in (2 -|- l)d have been analyzed. In 
particular, using the path integral approach, the universality of the bosonization rule for the 
fermionic current has been established for a large class of abelian fermionic interactions. In 
addition, we have seen that the bosonized form of the free massive fermionic action can be 
written as a pure Chern-Simons term, up to a suitable gauge held redehnition. 

These two important properties can be combined together to give the following hnal 
bosonization prescription 

Kp + iJ Sx + S\J) ^ Kb{A) +ijd^x s^^e^upd'^AP + S\edA) , (97) 

where Kb{A) corresponds to the bosonization of the massive free fermionic action and is 
given by 

Kb{A) = eP^PA^d^Ap . (98) 

As already remarked, A^ is a gauge connection depending nonlinearly on the gauge held 
A^. The above formula has to be understood as an equivalence between the fermionic 
and the bosonic representations for the generating functional of the correlators (^, upon 
path-integration over the corresponding fermionic or bosonic helds. 

It is remarkable that the spinor current can be exactly bosonized by a topologically 
conserved current efj,ypd'^A p for a rather large class of interactions S\J). Moreover, the fact 
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that the bosonized fermionic kinetic term takes the form of a pure Chern-Simons action, 
gives us a direct perception of the very deep topological structure underlying the whole 
bosonization program in (2 + l)d. 


This structure could give a better understanding of the behaviour of three-dimensional 
interacting fermionic models. This possibility relies on the prominent role which the Chern- 
Simons term seems to play with respect to any other gauge invariant term built up with 
the held strenght and its derivatives. Indeed, as proven in refs. , any gauge 

invariant action depending on in the presence of the Chern-Simons term can be reab¬ 
sorbed into the pure Chern-Simons action, through an appropriate held redehnition. This 
peculiar feature turns out to be helpful in the study of the low energy regime of these mod¬ 
els, corresponding to a local derivative expansion in the inverse of the mass parameter m. 
In this region, the ehects of the fermionic determinant can be seen indeed as higher order 
perturbation terms of the pure topological Chern-Simons action. We are left thus with the 
problem of perturbing a topological held theory. It is natural therefore to expect that the 
physical relevant quantities to be computed in the low energy regime are those of the pure 
topological theory. In the present abelian case they are given by the so-called loop variables 
of the knot theory, i.e. dx^A^^, where 7 is a smooth closed oriented nonintersecting curve. 
In other words, we expect that, in the low energy regime, some relevant physical properties 
of three-dimensional fermionic systems can be described by means of the loop correlators 


( [ ... f dxf^"A^Jgeff,^. , ( 99 ) 

J'Yl J'rn 

evaluated with an ehective bosonized action of the type 

(A) = J d^x sAdA + J d^x + -^F^ + .. .^ , ( 100 ) 

with a and (3 arbitrary dimensionless parameters. Needless to say, the loop variable dx^A^^ 
corresponds, via the Stokes theorem, to the flux of the topological current dx^e^^pd’^A^ 
through a surface a whose boundary is 7. Moreover, thanks to the universality of the 
current bosonization, this amounts to study the flux of the corresponding spinor current, 
i.e. !^ds^J^. 
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The analysis of the correlators (|^ for a generic n-component link is under investigation. 


Their computation, together with their relationship with macroscopic fermionic quantities, 
will be reported in a more complete and detailed paper . 

Finally, we hope that the identihcation of the topological structure of the three- 
dimensional bosonization will be relevant in order to promote this technique to a useful 
computational tool beyond the quadratic approximation. 
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